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ABSTRACT 


General  methods  for  RC-NIC  realization  of  relatively  arbitrary 
driving- point  immittance  functions  are  presented.  A  cascade -feedback 
structure  is  introduced  to  obtain  minimum  immittance  pole  sensitivity. 
Furthermore,  techniques  which  may  be  frequently  employed  for  minimum 
pole  and  zero  sensitivity  realization  are  discussed. 
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I.  INTRODUCTION 


Although  the  field  of  RC  active  driving- point  synthesis  has  received 
considerable  attention  in  recent  years,  there  still  exists  a  need  for 
straightforward  realization  techniques.  An  important  consideration  in 
this  type  of  synthesis  is  the  sensitivity  of  the  immittance  function  to  internal 
network  changes.  In  this  paper,  methods  of  realization  will  be  presented 
which  not  only  produce  a  certain  type  of  minimum  sensitivity,  but  also  yield 
semi-unique  structures. 

The  significant  step  in  any  synthesis  procedure  is  to  decompose  the  given 

function  into  recognizable  and  realizable  sub-functions.  In  RC  active  synthesis 

these  functions  must  have  alternating  poles  and  zeros  on  the  negative  a -axis. 

1  2 

An  optimum  decomposition,  yielding  minimum  sensitivity,  has  been  found.  ’ 

Realizability  conditions  for  arbitrary  polynomials,  given  in  terms  of  the 

numerator  and  denominator  of  the  even  or  odd  parts  of  positive  real  functions, 
2 

have  been  derived.  These  results  have  been  applied  to  obtain  structures 
and  techniques  for  the  actual  RC  active  realization.'^ 

These  discussions  bring  us  to  the  initial  point  of  this  report.  A  review 
of  existing  material  is  presented  in  the  first  three  sections,  with  some  new 
results  added.  The  remaining  sections  would  be  most  aptly  integrated  under 
the  title,  "Optimum  Sensitivity  Synthesis  Techniques.  "  Sections  II  and  III 
cover  the  basic  material  requisite  to  RC  active  synthesis.  Section  W  gives 
an  interpretation  of  the  problem  in  terms  of  the  well-known  passive  synthesis 
techniques.  Section  V  gives  the  limitations  on  the  functions  which  can  be 
realized  by  the  methods  presented.  Section  "VI  introduces  a  structure  useful 
in  the  minimum  pole  sensitivity  synthesis  of  section  VII.  Section  VIII 
covers  a  technique  for  achieving  minimum  pole  and  zero  sensitivity. 

II.  THE  IDEAL  NIC 

The  two  port  active  device  commonly  employed  in  RC  active  synthesis 
is  the  ideal  negative  impedance  converter  (NIC).  The  NIC  is  most  conven- 

4 

iently  defined  in  terms  of  the  familiar  g- parameters,  these  being  given  as 


-1- 


(1) 


O 

K 

^1 

^2 

K 

O 

^2 

K  is  called  the  conversion  ratio.  The  NIC  so  defined  (see  Fig.  1),  which 
we  shall  call  a  K  NIC,  produces  the  input- output  relations 

Z _ 1  Z 

ni  ~  ^  ^L2 

1\ 

^22  ""  ■  ^  ^L1 

The  definition  (1)  is  equivalent  to  an  ideal  transformer  of  turns-ratio  1:K 
in  cascade  with  a  unity  conversion  (K=l)  NIC  (see  Fig.  2a).  As  the  reader 
may  easily  verify,  a  method  of  obtaining  a  K  NIC  (for  K  >  1)  from  an  al¬ 
ready  existing  unity  conversion  NIC  is  given  in  Fig.  2b.  If  K  is  to  be  less 
than  one,  the  terminals,  one  and  two,  need  merely  be  interchanged.  The 
K  NIC  is  not  the  most  general  (the  non-diagonal  terms  of  the  g-matrix  could 
be  unequal),  but  it  is  particularly  useful  for  the  purposes  of  this  report. 

III.  THE  OPTIMUM  DECOMPOSITION  OF  A  POLYNOMIAL 
Any  polynomial  in  s,  P(s),  with  real  coefficients  and  no  negative  a -axis 
roots  may  be  factored  into  the  difference  of  two,  each  having  only  negative 
(T-axis  roots.  The  factorization  depends  on  the  transformation 

P(s;  - P(s^)  (2) 

2 

The  even  polynomial,  P(s  ),  may  be  factored  into  the  unique  product  of  a 
Hurwitz  and  an  anti-Hurwitz  polynomial 

P(s^)  -=  +  F(s)  F(-s)  (3) 

The  positive  sign  emerges  if  the  degree  of  P(s)  is  even,  and  the  negative 
if  the  degree  of  P(s)  is  odd. 

"The  degree  of  P(s)"  will  be  henceforth  defined  by  P(s)°. 


-2- 


a)  NIC  Defined  b)  NIC  Functions 

FIG.  1--THE  IDEAL  NIC  AND  ITS  FUNCTIONS 


MHOS 


h]  Obtaining  K  NIC  From  Unity  NIC 


This  factoring  process  may  be  represented  pictorially,  as  in  Fig.  3, 
which  shows  the  identification  of  LHP  roots  of  P(s^)  with  F(8)  and  RHP 


ju 


FIG.  3--S.  PLANE  FACTORING  OF  P(s^)  =  F(b)-F(-s). 


roots  with  F(-s).  The  s-plane  representation  of  the  factorization  gives 
intuitive  explanation  for  why  we  cannot  have  negative  c-axis  roots. 

P(s  ),  being  an  even  polynomial,  exhibits  quadrantal  symmetry  in  the 
8- plane.  Negative  a -axis  roots  of  P(s)  are  of  the  form  (s  +  o'  ).  vvh  ich 
upon  transformation  (2)  becomes  (s  +  or  ^).  It  is  clear  from  its  s-plane 
representation  that  this  term  cannot  be  the  product  of  LHP  and  RHP  factors 
(see  Fig.  4).  jw 


<> 

o 

- ^  (r 


♦ 


-j  ^'Jir 
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FIG.  4~-s- PLANE  ROOTS  OF  (s^  +  a  ^). 

The  reader  might  conjecture  that  a  double-order  negative  a -axis 
root  could  be  thus  factored.  However,  just  as  there  are  residue  condi¬ 
tions  on  the  ju-axis  poles  of  positive  real  [p.  r.  ]  functions,  negative 
(T-axis  roots  have  similar  restrictions  in  RC  active  synthesis. 

Methods  to  handle  negative 
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O' -axis  roots  will  be  discussed  in  a  later  section. 

2 

Returning  to  the  decomposition  of  P(8  ),  we  note  that  the  Hurwitz  and 
anti-Hurwitz  polynomials  may  be  expressed  in  terms  of  their  even  and  odd 
parts 

F(s)  =  m(s)  +  n(s) 

F(-s)  =  nn(s)  -  n(8) 

Therefore,  from  Eq.  (3) 

P(s^I  =  +  [m^(s)  -  n^(8)]  (4) 

The  even  and  odd  nature  of  m(s)  and  n(s)  allows  them  to  be  identified  as 
2 

m(8)  =  a(s  ) 
n(s)  =  sb(s^) 

Substitution  of  these  relations  into  Eq.  (4)  yields 
2  .2  2  2  2  2  , 

P(s  )  =  +  [a  (s  )  -  s  b^(s^)]  (5) 

Finally,  we  must  use  the  inverse  of  the  original  transformation  (2) 

P(s^',  - P(s)  (6) 

This  gives 

P(s)  =  +  [a^(s)  -  sb^(s)]  (7) 

Both  a(8)/8b(s)  and  b(s)/a(s)  are  guaranteed  to  be  RC  driving  point  imped¬ 
ances  because  m(8)/n(s)  and  n(s}/m(s)  are  LC  driving  point  impedances.  ^ 
It  has  been  shown  that  the  decomposition  (7)  yields  minimum  sensiti- 

vity  of  every  simple  root  of  P(s)  with  respect  to  the  gain  of  the  NIC  ulti- 

2  1 
mately  used.  It  also  gives  minimum  coefficient  of  F(s)  sensitivity. 

These  optimum  conditions  apply  regardless  of  the  synthesis  procedure 

used;  hence,  Eq.  (7)  is  called  the  "optimum  decomposition.  " 

SjC  1  1  H  r  I  .  .  2 

The  NIC  gain  here  is  the  product  8^3821  ~  ^  ’ 
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IV.  RC-LC  TRANSFORMATION  AND  ODD  PART  IMMITTANCE 
SYNTHESIS 


The  synthesis  problem  is  related  to  the  successful  decomposition  of 
a  ratio  of  two  polynomials  (a  rational  immittance  function);  hence,  we 
must  relate  the  optimum  decomposition  of  the  preceding  section  to  the 
decomposition  of  a  polynomial  ratio.  This  can  be  best  done  by  applying 
a  transformation  similar  to  (2)  to  an  immittance  function  and  investigating 
the  resulting  function. 

A  transformation  similar  to  (2),  which  furthermore  embodies  a  physi¬ 
cal  significance,  can  be  found  from  the  RC-LC  network  equivalence: 


Z 


RC 


I  P(s) 
S  Q(s) 


LC  ®  Qis'^) 


(8a) 


Y 


RC 


LC 


P(s^) 

Q(^ 


{8b) 


These  relationships  are  those  which  emerge  when  each  of  the  R's  of  an 
RC  network  is  replaced  by  L's  of  equal  value  to  form  an  analogous  LC 

7 

network.  The  RC-LC  transformations  is  the  mathematical  expression 
of  the  equivalence  (8)  and  is  given  by 


Z(s)  - >  sZ(s^) 

Y(s)  - >  i  Y(s^) 

Consider  an  admittance  function 


Y(s) 


m. 


m^ 


+  n 

Tli 


1 

2 


(9a) 

(9b) 


(10) 


The  odd  part  of  this  admittance  is  given  by 


OD  Y(s)  = 


""2"!  ■  ""1^2 


m^  - 


(11) 


We  may  note  the  similarity  of  the  denominator  in  Eq.  (11)  to  the  decom¬ 
position,  Eq.  (4).  The  identification  which  facilitates  the  RC  active 
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synthesis  is  to  equate  the  transformed  functions  (9)  with  the  odd  parts  of 
positive  real  functions: 


s  Z(a‘‘)  =  OD  Z'(B) 
4  ^(s^)  =  OD  Y'(s) 


(12a) 

(12b) 


An  RC  immittance  synthesis  with  optimum  pole  sensitivity  could  be  ac¬ 
complished  if  the  odd  part  could  be  realized  in  an  LC  structure,  for 
changing  the  L's  to  R's  of  equal  value  would  be  equivalent  to  taking  the 
inverse  transformation  (6). 

To  obtain  an  LC  realization  forOD  Y(s),  we  must  consider  the  input 
admittance  of  the  cascade  structure  of  Fig.  5,  which  is 


(13) 


FIG.  5--CASCADE  STRUCTURE  FOR  REALIZATION  OFOD  Y(s). 
Eq.  (11)  may  be  factored  to  obtain 


m 

OD  Y(s)  =  — 
"2 


mi  ■  m^ 

n^  ■  m^ 


(14) 


Mitra  and  Kuh  (ref.  3)  used  this  structure  from  the  RC  standpoint. 
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which  suggests  the  identifications 


m. 


'll 


m. 


n^ 


^  ;  Case  A  (15) 
"^2 


Or,  Eq.  (11)  may  be  factored  in  a  different  manner  to  obtain 


OD  Y(s) 


_m. 


which  suggests  the  identifications 


(16) 


n. 


'11 


m^ 


'22 


^  J_ 

■^2  ’  ^22 


m. 


n. 


"^2 

Y  =  ;  Case  B  (17) 


The  network,  N,  is  in  both  cases  recognized  to  be  the  lossless  network 
realized  in  the  Darlington  method  of  synthesizing  a  driving- point  admittance 

g 

in  terms  of  a  lossless  network  terminated  in  a  one  mho  conductance. 
Furthermore,  the  load  admittance  is  an  LC  driving- point  function.  It 
follows  that  in  Case  A 


^12 


TI-. 


In  Case  B 


(18) 


yi2 


m^ 


(19) 


As  in  the  Darlington  synthesis.  Case  A  and  Case  B  are  mutually 

2 

exclusive.  Moreover,  the  usual  difficulty  of  making  y^^  ^  perfect  square 
applies.  However,  we  are  awarded  an  additional  degree  of  freedom  be¬ 
cause  in  starting  from  the  odd  part,  the  even  part  is  not  uniquely  deter¬ 
mined.  Hence,  any  positive  constant  may  be  added  to  the  even  part, 
which  will  quite  often  allow  us  to  make  a  perfect  square  without  re¬ 
sorting  to  augmentation. 
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The  Darlington  realization  is  always  possible,  therefore,  this  reali¬ 
zation  of  OD  Y(s)  is  always  possible.  To  obtain  the  RC  admittance  function 
which  precipitated  the  problem,  one  needs  merely  to  change  all  of  the  L's 
to  R's  of  the  same  value. 

These  remarks  apply  equally  well  on  the  dual  basis  as  the  following 
example  will  illustrate. 

Example;  Let 


.  i6s  +  26s  +  2 
Z(s)  =  - 2" 


36s  +  8s  +  1 
This,  upon  transformation  (I2a),  yields 


(20) 


OD  Z’(s) 


36s^  +  26s^  +  2s 
36s^  +  8s'^  +  1 


The  impedance,  constructed  from  its  odd  part,  is 
/  3  2 

„ .  6s  +  2s  +  4s  +  1 

Z'(s)  =  - 2 - 

6s  +  2s  +  1 

As  in  the  Darlington  synthesis,  the  next  step  is  to  construct  the  even  part 


EV  Z'(s) 


_ 1 

36s^  +  8s  +  1 


Hence, 
in  Eqs. 


we  must  use  Case  A  and  make  the  dual  identifications  of  those 


(14)  and  (17) 


2s^  +  1 

Zs 


s  + 


1 

7E 


+  1  1 
^22  "  Ti -  = 


'l2  =  Ti 


2s 

— 2 - 

6s  +  1 
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These  may  be  used  to  obtain  the  LC  realization  of  Fig.  6.  Changing 
the  L's  to  R's  of  Equal  value  yields  the  RC  realization  in  Fig.  7  of 
the  original  function,  Eq.  (20). 

Not  all  problems  can  be  worked  out  as  easily  as  this  one.  The  Dar¬ 
lington  synthesis  can  and  frequently  does  depend  on  ideal  transformers  in 
the  lossless  network.  Mitra  and  Kuh  have  suggested  an  excellent  method 


FIG.  6--LC  REALIZATION  OF  Z(s) 


36s^  +  26s^  +  2s 
+  8s^  +  1 


FIG.  7--RC  REALIZATION  OF  Z(s) 


2 

36s  +  26s  +  2 

- 7~ - - 

36s  +  8s  +  1 
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V' 


for  eliminating  ideal  transformers  from  the  cascade  structure.  Once 
one  has  obtained  the  network  parameters,  Eq.  (15)  or  (17)  and  (18)  or  (25), 
he  may  realize  satisfying  the  zeros  of  y^2  (  zero- shifting  and  re 

moving  technique  or,  at  worst,  as  a  balanced  lattice).  This  procedure 
will  actually  realize  a  network  with  parameters 

Yll.  H  y^2>  Y22 

Examination  of  Eq.  (li)  reveals  that  it  may  also  be  written  as 


Furthermore,  this  is  entirely  equivalent  to 


(22) 


(H 

- Z - 

H  y22  -  H 


(23) 


Hence,  the  admittance  Eq.  (13)  may  also  be  obtained  from  the  network 
Eq,  (21)  with  its  output  load  given  by 


Y 


■^22  ■  ^22 


(24) 


Fig.  8  shows  the  implementation  of  this.  Aside  from  H  Y.  ,  which  must 

2  ^ 

be  entirely  negative,  the  remaining  portion  of  Y^,  H  y ’  "^^Y  t>® 
a  sum  of  positive  and  negative  admittances 


These  admittances  may  be  placed  on  appropriate  sides  of  the  NIC  for 
the  final  realization  of  Fig.  9. 

We  now  have  at  our  disposal  fairly  general  methods  for  minimum 
pole  sensitivity  synthesis.  However,  these  are  limited  by  some  minor 
practical  drawbacks.  The  most  serious  of  these  is  that  one  may  not 
always  obtain  a  common-  ground  structure,  A  structure  which  solves 
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FIG.  8- -TRANSFORMERLESS  REALIZATION  OF  EQ.  (23) 


FIG.  9“ -TRANSFORMERLESS  REALIZATION  OF  EQS.  (23) 

AND  (25) 

this  problem  and,  furthermore,  requires  no  augmentation  will  be  dis¬ 
cussed  in  section  VI. 

V.  REALIZABILITY  CONDITIONS 

The  discussion  of  the  preceding  section  revealed  a  method  of  ob¬ 
taining  an  RC  realization  of  an  immittance  function  when  its  transform 
(9)  can  be  identified  with  an  immittance  odd  part.  The  odd  part  identi¬ 
fication,  Eq.  (12),  restricts  the  transformed  functions,  and,  therefore, 
restricts,  the  original  function  as  well.  To  obtain  the  realizability 
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conditions  which  limit  this  technique,  we  must  study  the  properties  of  the 
odd  parts  of  positive  real  immittances. 

The  degree  of  the  numerator  of  a  p.  r.  immittance  can  at  most  be  one 

9 

greater  than  that  of  the  denominator.  Consider  the  immittance 


G(s) 


“2  "2 


Its  odd  part  is  given  as 


OD  G(s) 


m2n^  - 


Since,  at  most, 

o  o  j.  1 
ni  =  >^2  ^ 


or 

o  o  ,  - 
m^  n2  r  ], 

the  degree  of  the  numerator  of  OD  G(s)  can  be  no  more  than  one  greater 
than  that  of  the  denominator.  In  other  words,  if 

ODG(S)  :r  (26a) 

then 

N(s)°  <D(s)°+l  (26b) 

Consider 


Z(s) 


P(8) 


Eq.  (I2a)  gives 

OD  Z'(s)  =  s 

Q{^  ) 

Hence,  Eq.  (26b)  yields 

(8  P(s^))°<  Q(8^)°+1 
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Therefore, 

P(8^)°  <  Q(8^)° 
which  is  equivalent  to 

P(s)°<Q(s)°  (27) 

Similarly,  consider 


T(s) 


A(s) 

bRT 


Eq.  (I2b)  gives 


OD  Y'(s) 


1  A(s^) 

®  B{s^) 


Hence,  Eq.  (26b)  yields 

A(s^)°  <  (sB(s^))°+l 

Therefore, 

A(s^)°  <  B(s^:°  f  2 


which  is  equivalent  to 
A(s)°  <  B(s)°  f  1 


(28) 


Aside  from  the  degree  restrictions,  the  only  other  consideration  is 
that  of  negative  <r -axis  poles.  In  the  transformed  function,  Eqs.  (12), 
these  become  j'.j-axis  poles,  and  they  are  particularly  important  because 
OD  Z'(s)  always  has  a  pole  introduced  at  infinity  and  OD  Y'(s)  always  has 
a  pole  introduced  at  the  origin  (see  Eqs.  (12)). 

Any  p.  r.  immittance  may  be  expressed  as  a  sum  of  a  number  of 
purely  reactive  (susceptive)  terms  and  a  single  minimum  reactive  (sus¬ 
ceptive)  term  / 


G(s: 


K  s  + 


00 


K.s 

-rV-  + 

8 


G  (s) 
•m'  ' 


I 
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G  denotes  a  minimum  reactive  (susceptive)  immittance.  The  residue 
m 

condition  for  p.  r.  functions  requires  that 

K.  real  and  K.  >  0,  Vi 
1  1  — 

The  odd  part  of  the  immittance  is  given  by 
K  K.S 

ODG(s)r:  —  +  K  8+  )  — +ODG  (S) 

'  '  s  oo  /  Z  ,  Z  m  ' 

.  s  +  W. 

1  1 

This  follows  from  the  linearity  of  the  operation  of  taking  the  odd  part.  From 
the  foregoing  discussion  it  is  clear  that  OD  G^(s)  will  have  no  ju-axis  poles. 
Hence,  all  joj-axis  poles  in  OD  G(s)  must  have  real  and  positive  residues. 
Therefore,  negative  a -axis  poles  of  a  given  impedance  must  have  positive 
residues,  and  negative  <r-axis  poles  of  a  given  admittance  divided  by  s 
must  have  positive  residues. 

The  residue  condition  is  more  succinctly  stated  in  terms  of  the  trans¬ 
forms  (9),  as  all  j«-axis  poles  of  the  transformed  function  must  have  real 
and  positive  residues.  The  residue  condition  in  the  pole  at  infinity  of 
OD  Z'(s)  and  that  at  the  origin  of  OD  Y'(s)  implies  that 

Z(oo)>  0  (29a) 

Y(0)  >  0  (29b) 

These  restrictions  completely  define  the  functions  which  we  may  realize 
by  the  methods  of  this  paper.  The  realizability  conditions  are  repeated 


here  for  completeness: 

The  restrictions  on  Z(s)  =  N(8)/d(8)  are 

i)  N(s)°<D(s)°,  (30a) 

ii)  Negative  cr-axis  poles  have  real  and  positive  residues,  {30b) 

iii)  Z(oo)  >  0.  (30c) 

The  restrictions  on  Y(s)  =  A(8)/B(s)  are, 

i)  N(s)°  <  D(s)°  +  1,  (31a) 

ii)  Negative  cr-axis  poles  of  Y(s)/s  have  real  and  positive  (31b) 

residues, 

iii)  Y(0)  >  0.  (31c} 
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The  most  effective  method  of  dealing  with  the  negative  <r-axis 
poles  is  to  remove  them  after  the  transformation (9),  as  jw-axis  poles, 
in  a  manner  analogous  to  the  Brune  preamble.  Realizable  functions 
which  have  no  negative  cr-axis  poles  shall  be  called  "minimum  active.  " 

It  must  be  emphasized  that  the  restrictions,  (30  and  31),  apply 
only  for  the  synthesis  discussed.  Sipress  has  shown  that  any  rational 
function  can  be  realized  with  R's,  C's  and  one  NIC. 

VI.  THE  CASCADE-FEEDBACK  STRUCTURE 
The  most  general  one  NIC  structure,  which  may  be  used  for  the  re¬ 
alization  of  a  driving  point  immittance,  consists  of  a  passive,  reciprocal, 
3-port  with  an  NIC  imbedded  (see  Fig.  10). 


FIG.  10- -MOST  GENERAL  SINGLE  NIC  DRIVING  POINT 
IMMITTANCE  REALIZATION 

Consider  the  parameters  of  the  passive  network,  N,  to  be  specified 
on  the  admittance  basis 


^1 

hi 

hz 

^13 

= 

hz 

^zz 

^23 

I3 

hi 

y^3 

^33 

-lt>- 


The  NIC  constraints,  Eq.  (1),  when  applied  to  Eq.  (32)  yield 

2  ..2  2 


T1 


■i 


=  y 


11 


yi2  -  K  yi3 
— — 

^22-^  ^33 


(33) 


From  this  we  may  see  that  the  value  of  y^^  immaterial,  and  may,  for 
convenience,  be  set  equal  to  zero.  A  simplification  results  from  making 
the  identifications 


^11  ~  ^lla  ^llb 


^13  =  y 


^12  =  yi2a 

12  b 

^22  =  y22a 

^33  "  y22b 

The  relations  (34),  when  inserted  into  Eq.  (33)  give 


(34) 


^11  =  y 


2 

yi2a 


11a 


y22 


a  -  K 


y22b 


nib 


K  yi2b 


^  y22b"y22a 


(35) 


This  is  readily  seen  to  be  the  cascade  output,  through  an  NIC,  of  two 
parallel  input,  two- port  structures,  as  is  pictured  in  Fig.  11. 

Duality  may  be  used  throughout  this  development  and  the  dual  struc¬ 
ture  of  Fig.  12  is  specified  by 

2 


2  2 

El  K  z,_, 

1  _  12a  ,  12b 

"  11a  "  nib  TZ 


11 


(36) 


^  ^22a‘^22b 


'22b 


K  z 


22a 


The  structures  introduced  here,  although  not  the  most  general 
because  the  NIC  used  is  not  the  most  general,  will  prove  quite  power¬ 
ful  in  the  solution  of  minimum  sensitivity  synthesis  problems. 
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VII.  OPTIMUM  POLE  SENSITIVITY  SYNTHESIS  TECHNIQUE 


A  minimum  active  admittance,  which  satisfies  the  realizability 
conditions  (31),  may  be  related  to  the  odd  part  of  a  p.  r.  admittance 
through  the  transformation  (9b).  The  odd  part  of  the  admittance  may 
be  used  to  compute  the  even  part 


EV  Y’(s)  = 


m^  - 


The  numerator  of  the  even  part  exhibits  quadrantal  symmetry  in  the 
s -plane.  Therefore,  it  may  be  decomposed  in  the  manner  of  Eq.  (4), 
yielding 

2  2 
m  -  n^ 

EV  Y-(s)  =  -ij - ^ 

m2  -  n2 

The  right  hand  side  of  this  equation  can  be  represented  as  the  sum  of 
two  even  part  components,  i.  e.  , 

2  2 
m  -n 

EVY'(s)  =  . -2 . ^  2- .  +  . 

m2  -  n2  m2  -  n2 


Each  of  the  terms  on  the  right  hand  side  of  this  equation  may  be  iden¬ 
tified  as  the  even  part  of  a  p.  r.  admittance 


EV  Y  (s) 
a'  ' 


EV  Y,^(s) 


These  even  parts  may  each  be  used  to  generate  a  minimum  susceptive 
admittance 
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m  +  n. 

y  (8)  =  — i__L 
a'  '  m-  +  n. 


It 

m,  + 


1  +  n. 


The  parameters  which  realize  the  pertinent  odd  parts  (see  Eqs.  (15), 
(17),  (18),  and  (19))  may  be  found  by  inspection  to  be 


m 


’'a-  yila 


'22a 


1 


m 


n 


2 

m^ 


1 


'12a 


La 


m^ 


(37a) 


^b=  Vllb 


m, 


yi2b 


II 

m. 


n^ 


m. 


(37b) 


22b  “  m- 


Lb 


These  networks  are,  as  expected,  loaded  by  each  other,  i.  e. 

y22a  "  ^Lb’  y22b  "  ^La 


Hence,  the  cascade-feedback  configuration  of  Fig.  11  is  possible. 

2 

This  procedure  has  allowed  us  always  to  obtain  y^^  '®  which  are 
perfect  squares,  thus  ending  any  argument  as  to  the  necessity  of 
augmentation.  Moreover,  since  m  and  n  are  even  and  odd  parts  re¬ 
spectively  oi  a  Hurwitz  polynomial,  their  zeros  are  all  on  the  ju-axis, 
and  the  networks  are  always  amenable  to  a  ladder  (common- ground) 
realization. 

Example:  Let 


Y(8) 


30s^  +  282s 

“z — — ^ — 

s  -  5s  +  4 


(38) 


(Note:  Y(0)  =  0,  satisfying  condition  (31c).  ) 
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The  transformation  (9b)  yields 


OD  Y'(s) 


30s^  +  282s 

"1[ - 2 - 

s’  -  5s  +4 


From  this  we  may  obtain  the  p.  r.  function 


Y-(s) 


+  33s  +  72 
+  3s  +  2 


Its  even  part  is 


EV  Y'(s) 


s^  -  25s^  -(■  144 
s*^  -  5s^  +  4 


The  numerator  here  is  not  a  perfect  square;  however,  we  may  use  the 
decomposition,  Eq.  (4),  to  express  it  as  the  difference  of  two  squares, 
i.  e.  , 

2  2  4  oc2^,..  ,2^  ,-,2  ,2 

m^  -  =  s  2os  +  144  =  (s  +  12)  -  (7s) 


Therefore,  the  even  part  may  be  expressed  as 


EV  Y'(s) 


s^  -  Ss*^  +  4 


+ 


-49s^ 

s  •  5s  +4 


Hence,  we  have  the  identifications 


EV  Y 

a 


(s^  +  12)^ 
s*^  -  5s^  +  4 


EV  Y, 
o 


+  4 


These  even  parts  are  used  to  generate  their  respective  minimum  sus- 
pectance  p.  r.  admittance  functions 


Y 

a 


2 

s  + 

- 7 

8 


50 

3 


s  +  72 


+  38+2 
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At  this  point 

a  convenient  check  is 

to  see  that  the  sum  of  Y  and  Y,  is 

a.  b 

equal  to  Y'. 

The  network  parameters  may  now  be  identified,  according 

to  Eqs.  (37), 

I  S.8 

& 

^  +  72 

s 

+ 

^lla  “ 

3s 

“  1 

s 

yi2a  = 

(s^  +  12) 

3s 

s 

=  “T  ■ 

4 

3 

yzZa  = 

II 

.Q 

s^+2 

“Js" 

=  4  * 

2 

3? 

^llb  =  ■ 

49/3  s 
s'^  +  2 

- 

-7s 

^IZb  ■ 

s*^  +  2 

^ZZb  ■ 

Y 

3s 

s^  + 

2 

Fig.  13  gives  the  LC  realization  indicated  here,  with  the  negative  ele¬ 
ments  through  the  NIC,  we  obtain  the  final  realization  (Fig.  14)  for  Eq. 
(38). 

In  general  the  negative  elements  do  not  appear  adjacent  to  the  NIC 
in  the  ladder  realization  of  the  separate  networks.  However,  the  method 
of  transformerless  synthesis  discussed  in  section  IV,  coupled  with  the 
use  of  the  NIC  conversion  ratio,  K,  can  always  surmount  these  diffi¬ 
culties. 

Suppose  that  in  attempting  to  eliminate  transformers  from  the 
networks  of  Fig.  11,  the  two  associated  constants,  and  Hj^,  are  un¬ 
equal.  The  NIC  turns-ratio  may  then  be  adjusted  such  that 


K 


(39) 


It  is  easily  seen  that  for  this  value  of  K  both  networks  satisfy  Eq.  (29). 

For  an  example,  let  us  reconsider  the  same  problem,  Eq.  (38), 

which  we  have  just  solved  for  a  unity  conversion  NIC.  The  zero  shifting 

12 

and  removing  technique  will  realize  y^^^  satisfying  the  zeros  of  yj2a' 
such  that 


+  72 


Comparing  these  to  the  previous  set,  we  see  that 


Furthermore, 

^a  y22a  ‘  ^ZZa  =  "  ^ 


HENRY S  &  FARADS 


FIG.  15- -TRANSFORMERLESS  REALIZATION  OF  N 

a 
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l 


These  parameters  define  the  network  of  Fig.  15,  which  is  seen  to  be  the 
same  as  N  of  Fig.  13.  The  same  technique  applied  to  the  parameters  of 

2t 

yields 

49/3  s 


y 


12b 


49/3  s 


T 

s 


+  2 


49/3  s 

^ZZh  ~  T~~ 

s  +  2 


This  realization,  shown  in  Fig.  16,  gives 


Furthermore, 

^b  y22b  ■  '^ZZh  =  ° 


The  LC  realization  of  Fig.  17  is  made  by  combining  the  two  networks 
with  an  NIC  of  conversion  ratio  given  by  Eq.  (39)  as 


The  final  realization  obtained  by  changing  all  of  the  L's  to  R's  of  the 
same  value  is  given  in  Fig.  18. 
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3/49 


49/6 


11- 


y; 


22 


49 

T  ^22 


HENRY S  &£  FAP.ADS 


FIG.  16- -TRANSFORMERLESS  REALIZATION  OF  Nj^ 


49/6 


FIG.  17-- ALTERNATE  LC  REALIZATION  OF  Y(s) 


s"^-5s^+4 
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3/49 


49/6 


49/30 


FIG.  18- -ALTERNATE  REALIZATION  OF  Y(s)  = 


VIII.  MINIMUM  SENSITIVITY  IMMITTANCE  SYNTHESIS 
TECHNIQUE 

The  root  and  coefficient  sensitivities  of  a  polynomial  are  dependent 
only  upon  the  decomposition  used,  and  not  upon  the  subsequent  method 
of  synthesis.  Hence,  if  both  the  numerator  and  the  denominator  can 
be  decomposed  in  the  manner  of  Eq.  (7),  an  optimum  sensitivity 
synthesis  may  result.  In  the  previous  sections  methods  dealt  only  with 
minimum  sensitivity  denominator  decomposition;  in  this  section  we  shall 
attempt  to  extend  those  techniques  to  the  numerator  decomposition  as 
well. 

Since  the  decomposition,  Eq.  (4)  is  to  be  applied  to  the  numerator, 
a  further  restriction  must  be  added  to  (30)  and  (31).  When  the  minimum 
active  function  has  been  obtained,  its  reciprocal  must  also  be  minimum 
active  (with  odd  part  transformed  functions,  we  must,  of  course,  over¬ 
look  the  zero  at  the  origin,  which  always  appears  in  the  odd  part).  In 
other  words,  we  may  only  handle  functions  with  no  poles  or  zeros  on 
the  negative  a -axis. 
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Thie  procedure  for  minimum  sensitivity  immittance  synthesis  is 
quite  s  imilar  to  that  of  section  VII.  The  difference  here  is  that  both 
numerator  and  denominator  are  immediately  decomposed,  whereas 
in  the  former  case  the  denominator  decomposition  was  not  undertaken 
until  tine  corresponding  even  part  was  obtained.  On  the  impedance  basis, 
after  the  transformation  (9a),  we  have  from  Eq.  (12a) 


OD  Z'(s) 


=  s  Z(8^) 


2  2 
mi  -  n^ 

— z — Z 

"^2  ■  “2 


(40) 


That  tb-is  decomposition  can  always  be  effected  follows  from  the  dis¬ 
cussion  above,  disallowing  negative  c-axis  poles  or  zeros  of  Z(8).  The 
right  h£Lnd  side  of  Eq.  (40)  can  be  factored  into  the  sum  of  two  odd  parts 


OO  Z'(s) 


(41) 


Each  of  these  terms  can  be  identified  separately  as  the  odd  part  of  a  p.  r. 
function 


OD  Z 

a 


OD  Z, 
0 


2 

s  m^ 

=  — Z 

"^2  ■  ^ 


(42a) 


(42b) 


The  even  parts  corresponding  to  these  may  be  generated  such  that  their 
numerators  are  perfect  squares.  This  follows  because  there  is  an  arbit¬ 
rary  constant  which  may  be  added  to  the  even  part  when  it  is  determined 
from  the  odd  part;  or,  the  odd  parts  of  the  given  of  a  given  function  may 
always  be  augmented.  The  constant  guarantees  the  existence  of  one  more 
unknow  n  than  the  number  of  equations.  Therefore,  the  final  equation  may 
be  that  which  constrains  the  numerator  to  be  a  perfect  square. 
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(43a) 


The  even  parts,  then,  are 


EV  Z. 


EV  Zv 


m. 


"l"2 
-2 - 


- 2 - 2 - 

■^2  ■  ^2 


^  (m|m2  -  n^n^ 
Rational 

N/TTmj’rnpnjhip” 

Rational 


(43b) 


The  reader  may  note  that  a  further  restriction  is  that  the  two  even  parts 
must  be  chosen  such  that  the  functions  Z  and  Z,  are  of  opposite  case, 

Eqs.  (15)  and  (17).  Once  we  have  attained  this  point,  the  synthesis  is 
straight-forward  and  follows  the  development  of  section  VII  from  Eq.  (37). 
An  example  will  amplify  the  above  presentation  of  the  synthesis  procedure. 
Example:  Let 


Z(8)  =  (45) 

Upon  applying  the  transformation  (9a),  we  obtain  from  Eq.  (12a) 

1-8^ 

OD  Z'(s)  =  s  i - 

4  -  s 


This  may  be  factored  in  the  manner  of  Eq.  (41)  as 

3 

ODZ'(s)  =  - 5-2-  +  -'■5-2- 

4-8^  4-8^ 


The  identifications  (42)  give 


OD  Z 

a 


OD  Zj^ 


-s 


3 
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The  p.  r.  impedance  must  be  of  the  form 

a^s^a^s+a^ 

^a  “  8+2 

Furthermore,  it  must  obey 

2a^s  -  sia^s^+a^)  =  s:  n/^[  2(a2s‘^+aQ)-a^8^ 

Rational 

The  method  for  obtaining  a  rational  i®  essentially  that  of  Kinariwala, 
which  is  to  solve  the  quadratic  equation  for  the  coefficients  which  will 

yield  a  perfect  square,  i.  e. 

(  ‘ 

c^s^  i  ^1®^  ‘'o'  ^1  ~  i-  ^  ^2^0 


For  higher  order  functions,  this  problem  is  more  readily  solved  by 
augmentation  of  the  odd  part.  The  solution  of  the  present  problem  is 

>2  =  =  0,  aj  .  ^ 

Thus,  the  impedance  Z  is  given  by 

cL 

7  -  1/2  8 
^a  ~  s  +  2 

Z,  must  then  be  of  the  form 
o 

_  t  b,a  t  bo 

^b  s  +  2 

It  is  restricted  by 


2b^s  -  s(b2S^+  bp)  =  >  s^  :  «72(b2S  +  b^)  -  b^s 

Rational 

The  solution  of  these  relations  is  given  by 


^2  “  ^1  ■  ^0  ~  ^ 


13 
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The  impedance  is 


= 


8  +28+4 


'TTZ - 

The  even  parts  of  these  impedances  are 

2 


EV  Z  = 
a 


-1/2  s' 
4  -  s' 


EVZ^^  = 


4  -  s 


The  parameters  which  will  realize  the  odd  parts  of  the  above  impedances 
are 


•7  -  ® 

Zi  •  2-  -  — 

a  11a  4 


4 

Z,  :  z„,  =  6  +  — 

b  11b  s 


'12a 


2s/l 


ZsTl 


12b 


'22a 


‘22b  "  s 


'La 


'Lb 


These  parameters  are  clearly  those  which  may  be  realized  in  the  cascade- 
feedback  structure  of  Fig.  12.  The  procedure  follows  the  later  steps  of 
section  VII,  and  the  LC  realizations  for  the  individual  networks  are  given 
in  Fig.  19.  The  final  RC  realization  of  Eq.  (45)  is  given  in  Fig.  20. 

This  method  will  achieve  the  optimum- -minimum  pole  sensitivity 
and  minimum  zero  sensitivity.  It  is  much  more  difficult  computationally 
than  other  methods  discussed,  and  in  many  practical  situations  may  be 
abandoned  for  the  minimum  pole  sensitivity  method  of  section  VII. 
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IX.  CONCLUSIONS 


Methods  have  been  presented  for  RC  active  driving- point  synthesis 
which  yield  semi-unique  structures  from  a  straight-forward  realization 
procedure.  The  networks  obtained  are  usually  practical  (e.  g.  ,  common- 
ground)  and  not  given  to  an  excess  of  elements.  The  limitations  are  few 
and  usually  may  be  circumvented  by  augmentation  of  the  given  function. 

A  problem  which  warrants  further  consideration  is,  "Can  any  function, 
by  suitable  subtraction  of  constants  (resistances)  from  it  and  its  reciprocal, 
be  made  minimum  active  or  minimum  sensitivity  (section  VIII.  )  realizable?" 
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Kir  Frank  J.  Mullio 

Department  of  Llectricul  Engineering 

Caltfornta  Inatituti;  of  Tvcluiolugy 

paaadena, 

1  California 

Commanding  C4>.‘n<‘ral 
W' right  Air  Development  Center 
Wfighl  Patteraon  Air  Force  Baac 
Ohio 

1  Attn:  WCKEO-2  - 

Commanding  General 
Rome  Air  Development  x,*  nle  r 
Criffiaa  Air  Force  Bate 
Home,  New  York 
1  Attn:  KCKW  . 

Commanding  General 

Signal  Corpa  Engineering  Laboratorlea 
Fort  Monmouth,  New  Jeriey 
I  Attn.  SlCEL'SMB'mf, 

M08>Magn<.lic  Maleriala 

Commande  r 

Air  Force  Office  of  Scientific  Kea'.'arch 
Air  Keaearch  and  Di'veiopmenl  Command 
I  Washington  Zb,  D.  C. 

Commanding  Officer 
Squier  Signal  Laboratory 
Korl  Monmouth,  New  Jersey 
!  Attn  V  J  Kublin 

Officr  of  th'-  Chief  ',ign.ll  Officer 
pentagon,  Washington  lb,  D.  C. 

I  Atln;  .Sir.KT 

Signal  fir/r[,s  K.nginee  ring  I^ahoriito  ri i*s 
fori  Monmouth,  Now  Jersey 
I  Atln;  Mr.  <).  C.  W«,odyar»l 

(jffiC'r  of  T»'«  hoi '.a!  .Servi»«s 
Ijepartment  cf  f^orntnm 
I  Washington  /  S,  D.  C. 

ProfoHhor  X.ohrab  Kaprielian 
Dupa  rlrnent  of  KI<’Ctriral  Engineering 
University  of  Southern  (.^Irfornia 
Loa  Angblea,  California 

Profi'aaor  N  OeClaria 
Cornell  Univeraity 
Ithaca,  New  York 


Library 

Boulder  Laboratorlea 
National  Bureau  of  Standards 
Boulder,  Colorado 
Z  Attn:  Mrs.  Victoria  $.  Barker 

Assistant  Secretary  of  Defense 
Research  and  Developmmt  Board 
Department  of  Defense 
1  W.isbmgton  29.  D.  C. 

Watson  Laboratories  Llbrsry 
AMC,  Red  Bank,  New  Jersey 
1  Attn:  ENAOSl 

Armed  Services  Technical  Information  Agency 
Attention:  TlPDK 
Arlington  Itatl  Station 
10  Arlington  12,  Virginia 

Technical  Reports  Collection 
30 JA  Pierce  Hall 
Harvard  University 
I  Cambridge  38,  Massachusetts 

Antenna  Laboratory 
Ohio  State  University 
Research  Foundation 
Columbus.  Ohio 
I  Atln:  Dr.  C.  T.  Tai 

Brooklyn  Polytechnic  Institute 
Microwave  Research  Institute 
99  Johnson  Street 
Brooklyn  I,  New  York 
t  Attn:  Dr.  A.  Ollner 

Mathematics  Research  Croup 
New  York  Univeraity 
2$  Waverly  P'  ce 
New  York,  New  York 
I  Attn:  Or.  M.  Kline 

Department  of  Electrical  Engineering 
Cornetl  University 
Ithaca.  New  York 
1  Attn:  Dr.  H.  G.  Booker 

Antenna  Laboratory 
Electrical  Engineering  Research  Lab 
University  of  Utinols 
Urbans,  Illinois 
I  Attn:  Dr.  P.  C.  M*ysa 

Ksaearch  Laboratory  of  Electronics 
Document  Room 

Maseschusetts  Institute  of  Technology 
Cambridge  39.  Maesachuf etit 
I  Attn:  Mr.  J.  Hewitt 

Stanford  Research  Institute 
y74  Commercial 
1  Stanford,  California 

Aftn;  Dr.  John  T.  Bolljohn,  Div.  of  Elect.  Eng. 

ElectrUsI  Engineering  Department 
University  of  Texas 
Bom  F.  University  Station 
I  Austin,  Teas* 

Eiectronlca  Kesearch  Laboratory 
.Stanford  University 
Stanford.  Cslifornis 

1  Attn.  Applied  Electronics  Laboratory 

Document  Library 

Kandsll  Morgan  Laboratory  of  Phystrs 
University  of  Pennsylvania 
1  Philadelphia  4,  Pennsylvania 

Columbia  Radiation  Laboratori*'* 

Columbia  University 
938  W.  120th  St. 

New  York  27.  New  York 
I  Attn;  Librarian 

Ciirl  A.  llrdbtTg.  Head 
Electronics  Division 
Denver  Rrsearch  lnstitut«’ 

University  of  Denvt*r 
I  Denver  lU.  Colorado 

Electrical  Engine** ring  Depa rlmi’nl 
lILnots  Institute  of  Technology 
Technology  Cen»,*r 
1  Chitago  l6,  Illinois 

Untveraify  of  Floriita 
f  iatnesvill'*.  Florida 
I  Attn;  Applied  Klerl.  l.ab 

Doi'urnrni  Library 

Regents  of  th«*  Unw'-rsily  of  Mtiiiig.in 
I  Ann  Arbor.  Michigan 

California  Insfitule  of 'I'*  <  hnology 
Pasadena.  Ijalifornia 
I  Attn:  C.  11.  Papan 


Radiation  Laboratory 
Johns  Hopkins  University 
1319  St.  Paul  Street 
Baltimore  2,  Maryland 
I  Attn:  Librarian 

Department  of  ElectHcal  Engineering 
Yale  University 
1  New  Haven,  Connec;icut 

Willow  Run  Reatarch  Center 
Univeraity  of  Michigan 
Ypstl  snti.  Mi  chi  gan 
I  Attn:  Dr.  K.  Siegel 

Georgia  Institute  of  Technology 
AtUnta,  Georgia 

1  Attn:  Mrs.  J.  Fenlcy  Crosland, 

Librarian 

Prof.  Vincent  C*  Rideout 
Dept.  Electrical  Engineering 
University  of  Wisconsin 
I  Madison  6,  Wiseonsla 

Hughes  Aircraft  Company 
Research  and  Development  Library 
Culver  City,  CnliforaU 
I  Attn:  John  T.  MUek 

Douglas  Aircraft  Co,,  Znc, 

El  ^gundo  Oivlaion 
1  El  Segundo,  California 

Hughes  Aircraft  Co. 

Antenna  Ket.  Dept. 

Bldg,  12,  Rm.  2617 
I  Culver  City,  CaUf. 


Radio  Corporation  of  America 
Laboralorlai^  Elect,  Res. 
Princeton,  New  Jersey 
I  Attn:  Dr.  W.M.  Webster,  01  r. 


Varlsn  Assoelstcs 
611  Hsnicn  Way 
Palo  Alto,  California 
1  Attn:  Tschnical  Library 

Bell  Telephone  Laboratories,  Inc, 

Central  Serial  Records 
Technical  Information  Library 
463  West  St. 

t  New  York  14,  New  York 

Boeing  Aircraft  Company 
Physical  Research  Unit 
Seattle  14.  Washington 
I  Attn:  Mr.  R.  W.  Dlmaa 

The  Hand  Corporation 
I70Q  Main  Strest 
Santa  Monica,  California 
1  Attn:  Margaret  Andersen,  Librarian 

Federal  Telecommunications 
Lsboralorles,  Inc, 

900  Washingtr.n  Avenue 
Nutley,  New  Jersey 
I  Attn:  A.  K.  Wing 

Electronics  Lsbersiory 
Crnersl  Electric,  Electronics  park 
Syracuse,  New  York 
I  Attn;  Lloyd  DeVore 

Technical  University 
Department  of  Elsctricel  Engineering 
Delft,  Holland,  VIA  ONR  London 
1  Atln;  Prof.  J.  P,  Schoulen 

CAmbritlge  University 
Rsdiophyslcs  Division 
Csvcndish  Laboratory 
Cambridge,  England,  VIA  ONR  London 
1  Altn:  Mr.  J.  A.  Ratcllffe 

Royal  Technical  University 
Laboratory  for  1  etephony  and 
Telegraphy,  Oste  rvoidgade  10, 

Co|>erih4g,‘n.  Denma rk 
VIA  ONR  London 
I  Atln:  Prof.  H.  L.  Knudsen 

Chalmers  Institute  of  Technology 
Gnlrboig,  Sweden 
VIA  ONR  London 

Alin-  Prof.  S.  Ekelof  and  Prof.  H.  WaMinan 

Dr.  C.  J.  Bouwkamp 
Philip’s  Research  Laboratories 
N.  V.  Phillip's 

Olowila  mpenfabrieken 
Eindhoven.  Netherlanda 
I  VIA  ONR  London 

Profesaor  Samuel  Seoly,  Head 
Department  of  Electrical  Engineering 
Case  Institute  of  Technology 
University  Circle 
I  CL'Vi'tand  6.  Ohio 


